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Turbulence
What is it (hand wavey)?

Momentum conservation for a hydrodynamical fluid element

UuQu =y ~ U



Turbulence
What is it (hand wavey)?

Reynolds stress

opu l

— 4+ V- (pu®u)=—V - -Pl+20V - (pd)

ot )
UuQu =y ~ U f

Viscous stress




Turbulence

What is it (hand wavey)?
quadratic nonlinearity

/

opu
gt LV -(pu®u) =—V-Pl+20V - (pS)
u®u=uiuj~u2

Smooths out nonlinear things in the fluid



Turbulence
What is it (hand wavey)?

opu
?_Fv.(pu@u):—V-P[|+21/V-(pc5’)

Creating nonlinear things in the fluid

Re— |V (pu@w| UL
|20V - (pS) | U

Smoothing out nonlinear things in the fluid



Turbulence
What does V - (pu ® u) want to do?

Consider two waves
I/ll(X) — Sin(kl.X)
l/lz(X) — Sin(kz.X)

iy (x)

U (X)



Turbulence
What does V - (pu ® u) want to do?

Consider two waves
u;(x) = sin(k;x)
U(x) = sin(k,x)
The nonlinear term creates a new wave
V-(pu®u) ~ u0,u, = k, sin(k;x)cos(k,x) o sin(k;x)

ki + ky = ki (momentum conservation)



Turbulence

"
What does V - (pu ® u) want to do — cascade!

V-(pu®u)



Turbulence

What does V : (pu ® u) want to do — cascade!!!

V:-(pu®u)

k3+k4:k5



Turbulence

What does V - (pu ® u) want to do — cascade!l!

V- (pu®u)

AAAALRAVATAYS
ks + ky = ks

New waves modes created on 1/
nonlinear timescales: 1~ LV - (pu®@u)] £ lu



Credit: NASA, ESA, S.(Beckwiﬁ:( ritage Team (STScl/AURA)

Turbulence 1~

Cascade

inspired by Shukurov, 2011

& (k)

CNM: Re ~ 1()10 Amgp ~ 0.3 pe

Ferriere, 2020; Plasma Physics and Controlled Fusion

The quadratic nonlinear term

[V-(pu®u)|

dominates on large scales, ¢ gho A /6y < 1

+



Credit: NASA, ESA, S.(Beckwiﬁ:( ritage Team (STScl/AURA)

Turbulence 1~

Cascade AR i et

inspired by Shukurov, 2011

& (k)

» .
.

The quadratic nonlinear term
V- (pu@u)] &

dominates on large scales, ¢

Creates new modes on |

The Whirlpool Galaxy, 2017



Credit: NASA, ESA, S?-‘éeckv\-y( itage Team (STScl/AURA)

Turbulence B o

Cascade

inspired by Shukurov, 2011
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& (k)

Inside of the cascade

The Whirlpool Galaxy, 2017



LMC: 500um, Herschel (processing Gordon et al. 2014
Turbulence H lprocessing )
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Turbulence

P(k)

P(k)

P(k)

P(k)

P(k)

LMC: 500pm, Herschel (processing Gordon et al. 2014)
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ritage Team (STScl/AURA)

Credit: NASA, ESA, S. Beckwith
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Turbulence R £

Cascade

inspired by Shukurov, 2011

& (k)

deeper into
the cascade

The Whirlpool Galaxy, 2017



Turbulence

Cascade

& (k)

Reynolds number Is shrinking

Re ~ (u?)" £lv ~ 32
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The Whirlpool Galaxy, 2017
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e Heritage Team (STScl/AURA)

inspired by Shukurov, 2011

Turbulence Lp /t 1

Cascade
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The (Kolmogorov, 1941 -type) energy cascade
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Our initial mode
where

Re > 1

outer scale
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The (Kolmogorov, 1941 -type) energy cascade
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/ The (Kolmogorov, 1941 -type) energy cascade
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The Reynolds number sets the size of the cascade
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The (Kolmogorov, 1941 -type) energy cascade
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W3/W4/W5 MCs and star forming region complex.
ESA/Herschel/NASA/JPL-Caltech CC BY-SA 3.0 IGO; Acknowledgement: R. Hurt (J PL-CaItech) "




The energy cascade in supersonic hydrodynamical turbulence

Federrath, Klessen, Ipachio & Beattie (2021)

Nature Astronomy
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The energy cascade in supersonic hydrodynamical turbulence
Federrath, Klessen, Ipachio & Beattie (2021)

Nature Astronomy g (k) ~ k —5/3
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The energy cascade in supersonic hydrodynamical turbulence
Federrath, Klessen, Ipachio & Beattie (2021)
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The energy cascade in supersonic hydrodynamical turbulence

Federrath, Klessen, Ipachio & Beattie (2021)
Nature Astronomy

Subsonic cascade
embedded In supersonic turbulence
(not scale-freel)

Inconsistent with Boldyrev (2002): a single power law changed by shocks
Compressible turbulence asymptotically
pbecomes Incompressible turbulence at
small-scales!



' The Whirlpool Galaxy, 2021
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L ~ O(pc) - Soler, 2019, ARA

Irreducible — add magnetic flux to the cascade on aII scales

,.1 1L,
. ,, jw
1/2. ’7“«' g

stralght strong fields (Koc B™'“; Scheko |h|n+2004) pen tr
Orion A In infrared; ESA/Herschel/Planck; J. D Soler, MPIA

ng through Orion A
LA



Magnetic Reynolds Number

What is it?
Maxwell’'s equations + fluid = induction equation
ob oo,
— =VX@uXxb-7j, Jj=-—VXxb
Ot 41

Creating nonlinear magnetic things in the fluid

'VX(uXb)] UL
Rm=———"-—""—~—

|V X1} 77

Dissipating nonlinear magnetic things in the fluid




Rm
Clusters (ICM) 7

Re & Rm
Landscape

Rincon (2019) 10
WIM Rm A 1()18 Large Pm
WNM: Rm ~ 1018 b/t <1
CNM: Rm ~ 101
10

Ferriere, 2020; Plasma Physics and State of the art

Controlled Fusion
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104

Galaxies (Warm ISM)
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Low Pm

f,n/ﬁy > 1

Stars
Planets

Liquid metal exp.
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Creating the simplest compressible MHD
turbulence simulation at Re 2 10°
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10,0807 magnetised interstellar

medium turbulence simulation  Highly-modified version of finite volume code FLASH,
Beattie. Federrath. Mocz. Klessen. Cielo second-order in space approximate Riemann (PPM)
’ ' ’ ’ solver with framework outlined in  tested

& Bhattacharjee
1. What is the scaling of the energy cascade in

in FLASH in

compressible MHD turbulence with no net b flux? + Ideal (ILES) compressible non-helical, isothermal MHD
2. How are the characteristic scales organised in the turbulence with finite correlation time (OU process:
ISM turbulence? ).
3. What are the saturation physics of the turbulent /
dynamo? DB: EXTREME_Turb_hdf5_plt_cnt_0100

Pl of a 100million core-hour project on superMUC-NG

ILES of compressible MHD turbulence

Turbulence: oylc,~4,C,=L/2
Magnetic fields: B =0, ., A\ ~ 2

IV
A

\\wc.__

P
‘-_'—(-f:
‘\'-\-—4;

\
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SN AT

[
“gasd
A

174

L
4

Three experiments for convergence tests:

3.45PB in data products

e LOW-RES: 2,5203 (0.3Mcore-h, 8,640cores) 7
« MID-RES: 5,040’ (4.0Mcore-h, 34,560cores) i
e HIGH-RES: 10,080°  (80.0Mcore-h, 148,240cores) i
* Resolving 10pc down to ~200au everywhere on the grid -
e Factor of 4 higher linear grid resolution than lllustrisTNG ’g”“? 5 #‘3%‘
| -

f"{"»\’ﬂs‘ual'lsat’g;@'ﬂ:r‘ Salvatore Cielo (Vislt)



Stochastically forced Compressible MHD equations (ILES)

dtp+V-(pu) =

|
dt(pu) + V. (pu@u + pl — 4—b®b) =pf+ V- -D (pu)
T

ob+V - (u@®b-bRu)=V- Dn(b)

V:-b=0

|
p=c§p+8—ﬂb-b 10,080° = Re ~ Rm ~ (1 —3) x 10°

Computed for our solver using results from Lakshmi+2023
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Re & Rm mClusters (ICM) 7

Landscape \
Rincon (201 9) 1029 : M Galaxies (Warm ISM)
1 8 : Large Pm »

WIM: Rm ~ 10 L <1 :
WNM: Rm N 1 O 18 This simulation QV& - Zg
| Rm ~10° ¢ /O Z ; 1 :
C N M : Rm gy 1 () 1 5 104 n/tv Stars 7%

Planets

Ferriere, é%i?;oﬁ]lealjrpssliohgsics and R e ~ 106

tal exp.




Re & Rm Rm_

U
Landscape Rm 2 10
Rincon (2019) 10° |
- Reconnection rate becomes Independent
Large Pm
WIM:- Rm ~ 1018 ‘Of ngnﬁas‘mall-iéales no longer change

(1987); Lapenta (2008); Bhattacharjee+(2009); Boldyrev &
013); Huang & Bhattacharjee (2013); Dong-+(2022)

WNM: Rm ~ 10!8

Low Pm
aF
P o 22 1 2
CNM: Rm ~ 1()15 10° ‘ l n Stars
Planets
Ferriere, 2020; Plasma Physics and
{ Re ~ 10°

Controlled Fusion

tal exp.




The magneti
€ magnetic energy cascade Dong+(2022) Science Advances

Gallshnlkova+ (2022) PRX

tearing instabillities growmg Inside a 3D current sheet



The magnetic energy cascade Dong+(2022) Science Advances

0L — R =8x 104 %2

= -L T""""‘x,_ L
101 ¢
I Y

—

>

Sy

10-7 108 102 108 10f o \
n n N : | | 1 | | 1 | | I | | | | | 1 | | I¢l tl l | | ¢
Galishnikova+ (2022) PRX 10! 102 108

plasmoid instabi k e




Stochastically forced Compressible MHD equations (ILES)

dtp+V-(pu) =

|
dt(pu) + V- (pu@u + pll — 4—ﬂb®b) = V-D, (pu)

ob+V - (u@®b-bRu)=V- Dn(b)

V-b=0 the turbulence source function

2.
p=c;p+—Db-b
ST



Stochastically forced Compressible MHD equations (ILES)

. A dt

di(k, 1) = fo(K)P(k) - dW(r) — (k. t)t—
0

dW(t ) Weiner process that draws delta correlated from ~ 4/ (0,1)

Spai prOJeC’ucI tensor - H B B k ® k
P =P~+ (1 =20)P" =1+ (1 —20) k|2

(=1 = V-I=0
(=0 = VXI=0

t() e-folding time of the forcing / correlation time / outer-scale turbulent turnover time




Stochastically forced Compressi equations (ILES)

L, )—

d from ~ 4 (0,1)
K K
K|

K space projectior

P =(P-+ (1 =20P! =1+ (1 =2

] —= V.- =0
0 — VXxIf=0

t() e-folding time of the forcing / correlation time / outer-scale turbulent turnover time




Stochastically forced Compressible MHD equations (ILES)

gkin(k)

Jo(K)

k~151k0\k~25
kL2



Stochastically forced Compressible MHD equations (ILES)

=
-~

} Stationarity is reached when
Ein = €ou

k
Jolk ’\‘-, (X(2)), = <X(t+ 7)),

Cgkin(k)

k~151k0\k~25
kL2



10,0807 magnetised interstellar
medium turbulence simulation

Beattie, Federrath, Mocz, Klessen &

* Highly-modified version of finite volume code FLASH,
second-order in space approximate Riemann (PPM)

2d

1. What is the scaling of the energy cascac No gravity, no stars

compressible MHD turbulence with no n (sinks particles)
2. How are the characteristic scales organ ' etc. etc.
ISM turbulence?
3. What are the saturation physics of the t Triply-periodic
dynamo? | (outflows = inflows)
Pl of a 100million core-hour project on supe . DriveniiOUEIEREE

on large scalesi(not
SUpernove

ILES of compressible MHD turbulence MOOO00000
Turbulence: oylc,~4,C,=L/2 . Turbulence

= . £ Doesn’ del heatinc 7
Magnetic fields: B = b, ., /A, ~ 2 N Blelell Wsieling Mo00000000

and‘oollg coolinc
time infinitely fast)

]
- |

ity
Three experiments for convergence tests: |

e LOW-RES: 2,520°  (0.3Mcore-h, 8,64C L
e MID-RES: 5,040° (4.0Mcore-h, 34,56 ‘
« HIGH-RES: 10.080°  (80.0Mcore-h, 148

e Resolving 10pc down to ~200au everywhere on
* Factor of 4 higher linear grid resolution than Il

3.45PB in data products
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Volume integral
Quantities

M

_ <”i>7 2

\)

Interpolation to
generate ICs for
successively higher
resolution
experiments

3

2

=Scttling and interpolate to 5040°

: y / — 25207 :
- = . —  5040° -
I .’ 100803 i
N B </\/l>5750 = 4.324+ 0.18 -
| | | | | | | | | | | | | | | | | | | | |
0 2 4 6 8 10



Volume integral
QIETIEE

Interpolation to
generate ICs for
successively higher
resolution
experiments
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Magnetic ICs.

" : 1 1 - % 'n i ;
Decay Into the saturation — — 7w Same
1071 E S saturation
13—2 i_ ® Egzi,o _ 10—10 _: 101 <
= 1u_ 3 Busso _ (-2
~ 13 4 3 Exin = 102
Ein 0 oot o o1
%A — E éﬁ 13—6 _ _ 103
Nn—17
g 00 107 ¢ —— (Bm=)  —0.3+0.1
13_8 = Exin ) got E 104
. ] 1 - - (MA)sat — 1.7=+0.2
Grow into the saturation

] L 1 v gl N Lo oo o ol S
109 101 102 10°
t/tq

Beattie et al. (2023, MNRAS). Growth or Decay — I: Universality of the turbulent dynamo saturation

(classical turbulent dynamo)




Magnetic ICs.

(b) =

Completely turbulent
magnetic
fleld maintained by a
turbulent dynamo

|ICs taken from a
saturated dynamo
experiment

I

0, <%mag>% ~7 <%mag>%

L | | Lol I I Lol I

10Y 101 10°

kL/2m

ool coroomd v vromd oo vl p o

E , -~ kinematic turbulent dynamo

Beattie+. (2024, subm.). Taking control of compressible modes: bulk viscosity and the turbulent dynamo




"y

!

-

Jhiy: . WHREIRT Tl B NS=" 7=

/AN | \N\ NN ]

,_Q
//I’A

Turbulent spectra and scales

9./ /.
) il

\NB\WNN\NNNA 8] P /L T 7




L dii, o WHREEE Tl B WNS=" 2777 /77T OV NN
Two important scales

| T .I||III
SUpPErsonic: :

sv=c.1 Turbulent motions are supersonic

ou(k) > c,

O
ga\\ Transition scale
< oulk,) = c
S S
1077 ii E
T i . Turbulent motions are subsonic
i 100807 ii i
S | T 5I/t(ks) < C,
kL/2m

First measurement of magnetosonic scale
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Two important scales Energy equipartition scale
Kinetic energy dominates, & ,, < &, b hydlro i o

My > 1

Transition into magnetically dominated S
turbulence &',, = &y,

%A = :

magnetised :

Magnetic energy dominates, &',, > &, Lkl i )
My <1
NN\ ¥ Ly
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Two important scales Energy equipartition scale
- R0t
Kinetic energy dominates, & ,, < &, o
My > 1
Transition into magnetically dominated g
turbulence &',, = &y,
My =1 ool
Magnetic energy dominates, %mag > Evin 10 mf T

My <1
NNERNNENNNY N T/ 20 ] Lo

TPV
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Two important scales Energy equipartition scale

— Rm ~ 10*
— Rm ~ 10°

Kinetic energy dominates, %pmag < &yin o' hydro. ; A

My > 1

Transition into magnetically dominated S
turbulence &',, = &y,

'%A: 1 100:

Magnetic energy dominates, &', > &y, SR
M, < 1
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Two important scales Energy equipartition scale
I T Rmett
Kinetic energy dominates, & ,, < &, . o
My > 1
Transition into magnetically dominated
turbulence &',, = &y,
Magnetic energy dominates, %mag > Evin T B T T

My <1
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The kinetic energy cascade

| | | U I B B | | U I B B | | U I B B | | I I B
— R~ 10 - 10" — Rm ~ 10* _

— Rm ~ 10° : E —Rm~105§
Rm ~ 10° /\ Rm ~ 10° -
R )
— Ole 10" E
~C
\
N\
=
ER
S
1072
| | | Ll | A | N | I B T B O
10Y 101 103 104 10" 10! 107 103 10*
kL/27T kL/2m
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The supersonic energy cascade
" "'rju'kewr's uuw@, 3
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The supersonic energy cascade NN
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TI'he subsonic energy cascade

3/ of fo T
(k) ~ k , k> keq /\kq . - §$Z£Z§

IK-type turbulence (Kolmogorov + b flux)? CL
: : ~~—

Dynamical alignment? =

? e

0

A mechanism for depleting nonlinearities
in the turbulence
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The incompreSS|bIe MHD energy cascade — new timescales

Interacting Alfven waves (visualization from Greg G. Howes)

Current density, jz

F 8.00
B 6.22

—4.44
2.67
889

—..889

-2.67

—4.44
6.22
-8.00

(Jnilye rjll/ Or Toywa

Plasma Theory and Computation Group
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Dynamic alignment?
Shearing events between counter-

propagating Alfvén waves

sb~ *  sb

slower cascade

faster cascade 5 I/t

ou

Goldreich & Shridar (1995) Boldyrev (2006)

Y

Modifies the cascade timescale
f zt = (uFb)

2

= s ” = — r S % —
> = *“ ...\f* ﬁa‘ rd - .
L . ‘ y
— "S\ \;L ﬂg , S R\ e
: ; \ ' s y Fil
. ? > - ; . o\
A5, o) % ty/ ; | .' p &
r 4 ¥ .
L F\“

Boldyrev (2006)
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Makes 7, larger
even halt cascade..

ob

?
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e

—1.00 —-0.75 —=0.50 —-0.25 0.00 0.25 0.50 0.75

1.00

] ~
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Dynamic alignment?

ob ob

slower cascade

ou

faster cascade

Y

ou
Eyin(ky) o< ki >3

Goldreich & Shridar (1995)

E. (k) o k"

Boldyrev (2006)

Modifies the cascade timescale

2

—_— . Y,
7¥ s1n 921

Boldyrev (2006)

V=W F

b)



But even more alignment than just u and b o=V Xu
Searching to weaken the nonlinearities
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But even more alignment than just u and b
Searching to weaken the nonlinearities
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Induction Lorentz force Reynolds nonlinearity



Magnetic Relaxation — main idea? Hm — <a : b>

Searching to weaken the nonlinearities

Define constraint equation based on quadratic (ideal) MHD invariants H C — <u . b>

cross helicity
g — /lle — /IzHC = const.
magnetic helicity

Use variational principle on magnetic energy eq., for perturber o
5(&—MH,, —LH,) =0,

Minimize to find minimum energy state.

w=VXu
U= /llb, j — 2/12[) -+ /116() Banerjee+(2023)



Competitive relaxation: turbulence versus relaxation
Can we relax faster than the turbulence can perturb us away from minimum energy?
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P 8k111<k) e gkin(k) e k—d/Q S ]
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i 100 not relaxed |
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On these scales...

0tp+V-(pu) =

47
ob+V - mFuv—-bRu)=V- ])n(b)

dt(pu) + V- (pu@u + pl —

V:-b=0

, 1
p=c;p+—b"b
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TI'he subsonic energy cascade

3/ of fo T
(k) ~ k , k> keq /\kq . - §$Z£Z§

IK-type turbulence (Kolmogorov + b flux)? CL
: : ~~—

Dynamical alignment? =

? e

0

A mechanism for depleting nonlinearities
in the turbulence
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The magnetic energy cascade

plasmoid-chains —
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Occupy a very small
volume filling-factor
INn this regime
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The magnetic energy cascade
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The magnetic energy cascade

Fielding+2024 (bistable medium)

Turbulent Thermal Instability

k5/3 M (k)
— K*/3E(k)
— (K¥*PE(k))nydro

compensated
power spectra,

-
7
o

10° 101 102
kL/2m

Magnetic fluctuations don’t seem

to care about phases
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The magnetic energy cascade: small scale structure
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Magnetic field is intrinsically a small-scale field! Need a lot of resolution to

resolve it properly (energetically)!
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| Next steps \mth observers S LR N
3 n james beattle@prlnceton | G T e D e o Ry
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 Post-process to better map to observables (teII me what S

interesting, | can make this work at ~ 10,0007 but will take some
collaboration + time)

l LT GO B ¢ o B R g RN e PR % Y | :

* | want observers to tell me what they can access about alignment
— seems ubiquitous In a turbulent dynamo generated magnetic
field (related to the saturation of the ISM dynamo), and is in
tension with models that have a strong large scale field embedded
in ICs (e.q., Lazarian’s velocity gradient methods)
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Final thoughts...

%(k) k—2 k < ke, %(k) k‘3/2 k> k

%mrvl() %mwl
| — mel()5 | : — Rm~1
| / R ~ 10 : Rm ~ 1
a\ 1L / | Q 0__
o \&/ | T o Depletlon
= | >~ turbulence!
= | ' 1 =00 |3/
S 3/ 1 & ¢ \k 5/3
Q) k & :
100:_ /k_5/3 - :
E k_z E 10_2_—
LS T T, T T BT
]{TL/QW Mocz & Burkhart (2019)
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The (Kolmogorov, 1941 -type) energy cascade
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Thanks, questions?

james.beattie@princeton. O@astro_magnetism
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