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Fact: the galaxy that we reside in is in a 
state of highly-compressible fluid turbulence 

 Simulation from: Goldbaum, N. J., Krumholz, M. R., & Forbes, J. C. 2016

Supernovae alone provide enough energy 
flux to fuel a continuously driven cascade
Beattie + (2025; ApJ) So long Kolmogorov: the forward and backwards cascades in a supernovae-driven, multiphase ISM 

Connor, Beattie + (2025, submitted ApJ) Cascading from the winds to the disk: universality of supernovae-driven turbulence in different galactic ISMs 
Beattie (2025; submitted ApJL) Supernovae drive large-scale incompressible turbulence from small-scale instabilities   



The Whirlpool Galaxy, 2017
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dominates on large scales, ℓ
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Credit: NASA, ESA, S. Beckwith (STScI) and the Hubble Heritage Team (STScI/AURA)

inspired by Shukurov, 2011

λmfp ∼ 5 R⊕

λmfp ∼ 1.3 AU

λmfp ∼ 0.3 pc

λmfp/ℓ0 ≪ 1



|∇ ⋅ (ρu ⊗ u) |

The quadratic nonlinear term

dominates on large scales, ℓ

tnl ∼ [∇ ⋅ (ρu ⊗ u)]−1 ∼ 𝒪(Gyr)

Creates new modes on

ℓ0
Turbulence
Cascade

The Whirlpool Galaxy, 2017

Credit: NASA, ESA, S. Beckwith (STScI) and the Hubble Heritage Team (STScI/AURA)

inspired by Shukurov, 2011
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ℓ0

inside of the cascade

Turbulence
Cascade

The Whirlpool Galaxy, 2017

Credit: NASA, ESA, S. Beckwith (STScI) and the Hubble Heritage Team (STScI/AURA)

inspired by Shukurov, 2011
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LMC: 500 m, Herschel (processing Gordon et al. 2014)
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LMC: 500 m, Herschel (processing Gordon et al. 2014)
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ℓ0

deeper into 

the cascade

Turbulence
Cascade

The Whirlpool Galaxy, 2017

Credit: NASA, ESA, S. Beckwith (STScI) and the Hubble Heritage Team (STScI/AURA)

inspired by Shukurov, 2011
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ℓ0

Re ∼ ⟨u2⟩
1/2

ℓ/ν ∼ ℓ3/2/ν

Reynolds number is shrinking

Larson (1981)

⟨u2⟩
1/2

∼ ℓ1/2

Turbulence
Cascade

The Whirlpool Galaxy, 2017

Credit: NASA, ESA, S. Beckwith (STScI) and the Hubble Heritage Team (STScI/AURA)

inspired by Shukurov, 2011
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W3/W4/W5 complex 

Copyright: ESA/Herschel/NASA/JPL-Caltech, CC BY-SA 3.0 IGO; Acknowledgement: R. Hurt (JPL-Caltech)

100 m+70 mμ μ
orange     blue 



•~ 20% MW ISM gas is molecular hydrogen, organised into 
MCs (low-volume filling ~ 1-2%).


• cold, ,  is low (and ), approximately 

isothermal 

• , supersonic (compressible),  

•  

• , huge density contrasts. 

•weakly bounded (not virialised) by their own self-gravity 

. 

• threaded by dynamically important B fields, Ohmic 

.

T ∼ 10 K cs tcool ≪ tnl

σv/cs = ℳ ∼ 20 Re ∼ 106−9

L ∼ 10 pc ⟹ T = L/σv ∼ *(Myr)

n ∼ 103 − 107+

αvir = 2 |Ekin | / |Egrav | > 2

Rm ∼ 1016

W3/W4/W5 MCs and star forming region complex. 
ESA/Herschel/NASA/JPL-Caltech CC BY-SA 3.0 IGO; Acknowledgement: R. Hurt (JPL-Caltech).
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The cold ISM: A supersonic laboratory for interesting nonlinear 

physics



W3/W4/W5 MCs and star forming region complex. 
ESA/Herschel/NASA/JPL-Caltech CC BY-SA 3.0 IGO; Acknowledgement: R. Hurt (JPL-Caltech).

Compressible turbulence is ubiquitous 

in many astrophysical plasmas

Hopkins+(2024)

ICM

Accretion disks / galactic center

Solar wind close to the Sun

Steinwandel+2024

Hopkins+2024

Enrique Cuesta+2024

Re ∼ 106

Re ∼ 103

Re ∼ 1010

Wrench+2024Rincon 2016

Kunz+ 2022



 magnetized  

supersonic turbulence simulation

10,0803

PI of a three total 200 million core-hour projects on superMUC-NG 

 

ILES of compressible MHD turbulence 

Turbulence:           

Magnetic fields:    

Three experiments for convergence tests: 

• LOW-RES:         (0.3Mcore-h, 8,640cores) 

• MID-RES:          (4.0Mcore-h, 34,560cores) 

• HIGH-RES:      (80.0Mcore-h, 148,240cores) 

 in data products  

σV /cs ≈ 4, ℓ0 = L/2

bturb/B0 = ∞, bturb/B0 = 1

2,5203

5,0403

10,0803

≈ 6 PB

Beattie, Federrath, Klessen, Cielo & 
Bhattacharjee

1. What is the scaling of the energy cascade in 
compressible MHD turbulence? 

2. How are the characteristic scales organized in the 
compressible interstellar medium turbulence? 

3. What are the saturation physics of the turbulent 
dynamo?

• Highly-modified version of finite volume code FLASH, 
second-order in space approximate Riemann solver 
with framework outlined in Bouchut+2010, tested in 
FLASH in Waagen+2011.


• Ideal (ILES) compressible non-helical, isothermal MHD 
turbulence with finite correlation time (OU process; 
Federrath+2022) driving in momentum.


Broad Code details:

Visualisation: Salvatore Cielo (VisIt)

mag. field 

gas density

Rm ∼ Re ≳ 106, Pm ∼ 1 − 2
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Beattie+ 2025 (Nature Astronomy). The spectrum of magnetized turbulence in the interstellar medium

tpopulate ∼ Re1/2t0



0 2 4 6 8 10

t/t0

0.0

0.5

1.0

1.5

2.0

2.5

M
A

2520
3

5040
3

10080
3

hMAi5t0 = 2.039± 0.096

Interpolation to 
generate ICs for 

successively higher 
resolution 

experiments
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Ekin

Emag

t/t0

Volume integral

Quantities 

Settling and interpolate to 10,0803

Settling and interpolate to 5,0403

β ∼ 1/2

Beattie+ 2025 (Nature Astronomy). The spectrum of magnetized turbulence in the interstellar medium

HIGH-RES:      (80.0Mcore-h, 148,240cores)10,0803

0 ≤ t/t0 ≤ 2



ln(ρ/ρ0)



ln(ρ/ρ0)

δρ/ρ0 ∝ ℳ

Bandyopadhyay, Beattie & Bhattacharjee (2025; ApJL)

Small scales conform  
perfectly to weakly 
incompressible MHD 

turbulence predictions 
(Bhattacharjee 1998)





Bandyopadhyay+ (2024). In situ measurement of curvature of 

magnetic field in turbulent space plasmas: a statistical study

b ∝
κ −1/2

field reversals

Follows exactly small-scale dynamo 
prediction 

Schekoshihin+(2004)



Current density structures

kL/2π ∼ 100

kL/2π ∼ 100



Turbulence meets fast reconnection 

tearing instabilities growing inside a 3D current sheet 
Galishnikova+ (2022) PRX

Dong+(2022) Science Advances



tearing instabilities growing inside a 3D current sheet 
Galishnikova+ (2022) PRX

Dong+(2022) Science Advances

Decaying turbulence

Turbulence meets fast reconnection 

k−11/5
⊥

k−3/2
⊥

k−3/2
⊥

k−5/3
⊥



Magnetic reconnection in a turbulent plasma (visualisation by J. Beattie).

Sonic scale   

Two important scales — the sonic scale 

Subsonic dynamics

Supersonic  
dynamics

We resolve both dynamics 

ks

Beattie+ 2025 (Nature Astronomy). The spectrum of magnetized turbulence in the interstellar medium



Magnetic reconnection in a turbulent plasma (visualisation by J. Beattie).

Two important scales 
— the Alfvén scale

sub-Alfvénic

super-Alfvénic

Sonic-scale 
maximizes  
the energy  
ratio

Multiple regimes  
in a single domain!

keq

Beattie+ 2025 (Nature Astronomy). The spectrum of magnetized turbulence in the interstellar medium



Energy spectra: the disparate lives of u and b fluctuations

Boldyrev (2006); dynamical alignment

Goldreich & Shridar (1995); Alfvénic

Galishnikova+ (2022); tearing

Dong+ (2022); plasmoid instability

Fielding + (2023); empirical

Boldyrev (2006); dynamical alignment

Goldreich & Shridar (1995); Alfvénic

Burgers (1964); Shocks

One power law, only  
emerging at very high Rm

Two power laws
Beattie+ 2025 (Nature Astronomy). The spectrum of magnetized turbulence in the interstellar medium



Energy spectra: the disparate lives of u and b fluctuations
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k′￼′￼′￼

Tbb(k′￼, k′￼′￼′￼|k′￼′￼) = ∫ dV

magnetic cascade terms

b′￼′￼′￼⊗ u′￼′￼ : ∇ ⊗ b′￼+
1
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b′￼⊗ b′￼′￼′￼ : (∇ ⋅ u′￼′￼)𝕀

Tuu(k′￼, k′￼′￼′￼|k′￼′￼) = ∫ dV

kinetic cascade terms

w′￼′￼′￼⊗ u′￼′￼ : ∇ ⊗ w′￼+
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as defined in Grete + (2017)

w = ρu

C++ tool with FFTW backend 



Energy spectra: the disparate lives of u and b fluctuations

′￼ ′￼

Beattie+ 2025 (Nature Astronomy). The spectrum of magnetized turbulence in the interstellar medium



Energy spectra: the disparate lives of u and b fluctuations

′￼ ′￼

Coupling happening at Alfvén scale

Beattie+ 2025 (Nature Astronomy). The spectrum of magnetized turbulence in the interstellar medium



Energy spectra: the disparate lives of u and b fluctuations
t A
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Supersonic Subsonic 

ℰkin(k) ∼ k−2 ℰkin(k) ∼ k−3/2

tAlfven ∼ (ui∂ibj/bi)
−1

thydro ∼ (ui∂iuj/ui)
−1



Magnetic reconnection in a turbulent plasma (visualisation by J. Beattie).

ℰ(k) ∼ k−2, k ≤ keq ℰ(k) ∼ k−3/2, k > keq
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The supersonic spectrum



Magnetic reconnection in a turbulent plasma (visualisation by J. Beattie).

ℰ(k) ∼ k−2, k ≤ keq ℰ(k) ∼ k−3/2, k > keq
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Burgers turbulence

ℰ(k) ∼ k−2

Randomly orientated 
discontinuitiesBeattie+(2022)

Federrath (2016)

The supersonic spectrum

Federrath (2016)  
Hydrodynamical supersonic turbulence



Magnetic reconnection in a turbulent plasma (visualisation by J. Beattie).

ℰ(k) ∼ k−2, k ≤ keq

Mocz & Burkhart (2019)

Burgers turbulence

ℰ(k) ∼ k−2

Randomly orientated 
discontinuitiesBeattie+(2022)

Federrath (2016)

The supersonic spectrum

Becoming quasi-incompressible 
on high enough k

k−2

“Burgulence”

Burgers turbulence

Federrath (2016)  
Hydrodynamical supersonic turbulence



Magnetic reconnection in a turbulent plasma (visualisation by J. Beattie).

ℰ(k) ∼ k−2, k ≤ keq
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The subsonic spectrum (also ~ incompressible)  

Scale-dependent alignment?

ℰ(k) ∼ k−3/2, k > keq

?

A mechanism for depleting nonlinearities 

in the turbulence (turning )k−5/3 → k−3/2

In general, we need: 

Unlikely fast-wave turbulence…
Galtier (2023)

k−3/2



u ⋅ b

u ∥ b u ∥ − b

ℓeq

Shearing events between counter-
propagating Alfvén waves / selective decay

Modifies the cascade timescale

Dynamic alignment?

δb⊥ δb⊥

δu⊥

δu⊥
θ(ℓ⊥)

Ekin(k⊥) ∝ k−5/3
⊥

Goldreich & Shridar (1995) Boldyrev (2006)

Strong  
nonlinear cascade

Weaker nonlinear 
 cascade

Ekin(k⊥) ∝ k−3/2
⊥

tnl ∼
ℓ⊥

z∓ sin θz∓

, Boldyrev (2006)

z∓ = (u ∓ b)

θ(ℓ⊥) ∼ ℓ1/4
⊥



u ⋅ b

ℓcb

u ∥ b u ∥ − b

°1.00 °0.75 °0.50 °0.25 0.00 0.25 0.50 0.75 1.00

cos µv·b

0.40

0.45

0.50
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0.65

0.70

0.75

p
(c
os
µ
v
·
b
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δb

δu

δb

δu

δb

δu

tnl ∼
ℓ⊥

z∓ sin θz∓

,

Modifies the cascade timescale

Dynamic alignment?

Boldyrev (2006)

z∓ = (u ∓ b)

b ∝ ± u

Makes  larger 

even halts cascade…

tnl

Shearing events between counter-
propagating Alfvén waves / selective decay

δb⊥ δb⊥

δu⊥

δu⊥
θ(ℓ⊥)

Ekin(k⊥) ∝ k−5/3
⊥

Goldreich & Shridar (1995) Boldyrev (2006)

Strong  
nonlinear cascade

Weaker nonlinear 
 cascade

Ekin(k⊥) ∝ k−3/2
⊥

θ(ℓ⊥) ∼ ℓ1/4
⊥

cos θu,b

co
s

θ u
,b



But even more alignment than just u and b
Searching to weaken the nonlinearities

u ∝ b ∝ j ∝ ω

ω = ∇ × u

Beattie & Bhattacharjee (submitted PRL.). Scale dependent alignment in compressible magnetohydrodynamic turbulence

Alfvénization Taylorization Beltramization

looks like a relaxation problem

δk (u2(k) + b2(k) − λk,1b(k) ⋅ a†(k) − λk,2u(k) ⋅ b†(k)) = 0



But even more alignment than just u and b
Searching to weaken the nonlinearities

∇ × (u × b)

InductionPecora+2023

Highly-aligned states 
in magneotsheath 

turbulence!



θ(ℓ) ∼ ℓ1/4

Boldyrev (2006)

Alignment not happening on all scales…
Beattie & Bhattacharjee (subm. PRL.).  

Scale dependent alignment in compressible 
magnetohydrodynamic turbulence

θu,b(λ) ∼ λ1/8

Each structure function costs 100,000 core hours!

scale-dependent alignment, 

but not Boldyrev (2006)!



∇ × (ukeq
× bkeq

) ≠ 0

∇ × (uℓ × bℓ) ≈ 0
∇ × (uℓ × bℓ) ≈ 0

∇ × (uℓ × bℓ) ≈ 0

tAlfven /thydro < 1
θ

u,b(k) ∼ k −1/8

ℰ
kin (k) ∼

k −2

ℰ
kin(k) ∼ k −3/2

t
Alfven /t

hydro >
1

Πuu(k) ∝ k1/8

becomes depleted in a scale-dependent way 
due to the scale-dependent alignment 

Depletion through dynamo fluxes (not Boldeyrev 2006)
The subsonic spectrum — a whole new phenomenology

k
keq



θ(ℓ) ∼ ℓ1/4

Boldyrev (2006)
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Putting it all together to understand the kinetic spectrum

Ekin(k) ∝ Π2/3
uu θ−2/3

u,b k−5/3,

θu,b(ℓ) ∼ ℓ1/8,

Adding alignment to spectrum as in 
Boldeyrev (2006)

with

Πuu(k) ∝ k1/8

implies 

Constancy of energy flux within a single 
spectrum is violated, making the 

cascade less nonlinear! 

Ekin(k) ∝ k−3/2,

modified nonlinear timescale

u, b coupling depletion of UU reservoir



Supernova-driven turbulence, James Beattie

Thanks, questions?
james.beattie@princeton. @astro_magnetism

• Next generation of  simulations with large-scale field integrating now


• Moving to also have AthenaK capabilities to do GPU counterpart runs


• Pushing towards  (500TB checkpoints) to further explore asymptotic state

10,0003+

20,0003

The future is bright

mailto:beattijr@mso.anu.edu.au


Extra slides



θ(ℓ) ∼ ℓ1/4

Boldyrev (2006)

scale-dependent alignment, 

but not Boldyrev (2006).

We find
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Putting it all together to understand the kinetic spectrum

Ekin ∝ Π2/3
uu θ−2/3

u,b k−5/3,

Ekin ∝ Π2/3
uu k−19/12 ∝ k1.58,

θu,b(ℓ) ∼ ℓ1/8

Consider

which means

inconsistent… not strong enough to suppress k−5/3 → k−3/2

Πuu(ℓ) ∝ ℓβ

Crazy idea… what if….

Very anti-Kolmogorov. Let’s measure.

θ(ℓ⊥) ∼ ℓ1/8
⊥

k−3/2



∂tρ + ∇ ⋅ (ρu) = 0

∂t(ρu) + ∇ ⋅ (ρu⊗u + p𝕀 −
1

4π
b⊗b) = ρf + ∇ ⋅ 𝔻ν(ρu)

∂tb + ∇ ⋅ (u ⊗ b − b ⊗ u) = ∇ ⋅ 𝔻η(b)

∇ ⋅ b = 0

p = c2
s ρ +

1

8π
b ⋅ b

The turbulent plasma wants to rid 

itself of all nonlinearities
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u × ω j × b

u × b

j × b
∂tρ + ∇ ⋅ (ρu) = 0

∂t(ρu) + c2
s ρ +

1

2
∇u2 = 0

Beltrami Euler equations

Compressible MHD equations



Dynamic alignment?

θ(ℓ) ∼ ℓ1/4

Assume anisotropy is 3D, critical balance, maximal alignment preserving 3D anisotropy

Boldyrev (2006)

|θ(ℓ/L) | ∼
⟨ |δb⊥ × δv⊥ |⟩

ℓ

⟨ |δb⊥ | |δv⊥ |⟩
ℓ

We can test this using first order structure function

see e.g., Dong+(2018); Chernoglazov+(2021) for methods

Searching to weaken the nonlinearities

δb = b(r) − b(r + ℓ)

b̂ℓ =
b(r) + b(r + ℓ)

∥b(r) + b(r + ℓ)∥

δb⊥ = δb − (δb ⋅ b̂ℓ)b̂ℓ

tA ∼ tnl



But even more alignment than just u and b
Searching to weaken the nonlinearities

∇ ⋅ (u ⊗ u) ∼ ω × uj × b∇ × (u × b)

Lorentz forceInduction Reynolds nonlinearity

Beattie & Bhattacharjee (submitted PRL.). Scale dependent alignment in compressible magnetohydrodynamic turbulence

Alfvenization Taylorization Beltramization



10,0803

10,0803

Read out domain  
into HDF5 chunks, 

grouped by m nodes 
writing each chunk

Merge into single HDF5  
file in post-processing 

(C++ mpi tool)

200 G
B/sec

 180 sec to write a 28 TB checkpoint file

disk

…

compute

Almost max. bandwidth for  
SuperMUC-NG scratch

C++ & FFTW backend  

Power spectrum on 50,000 cores. 
Spectra in ~ 5mins

Data dumps at 10x per correlation time for  
averages across the statistically steady state



Can we ~ conserve rugged invariants in space instead of just in time? 

kinematic dynamo

nonlinear dynamo 

(backreaction kicking in)

saturated dynamo

 grows  aligned 

scales develop where 

  

induction turns of

ℋc ⟹

ℋc > ℰtot ⟹Pm = 20

ℳ = 0.1

t/t0

Why? Second ingredient — cross helicity spectrum

relaxed states 
developing

ℋc = u ⋅ b



Can we ~ conserve rugged invariants in space instead of just in time? 

kinematic dynamo

nonlinear dynamo 

(backreaction kicking in)

saturated dynamo

 grows  aligned 

scales develop where 

  

induction turns of

ℋc ⟹

ℋc > ℰtot ⟹Pm = 20

ℳ = 0.1

t/t0

Why? Second ingredient — cross helicity spectrum

relaxed states 
developing

ℋc = u ⋅ b

u ∥ ± b

u ∥ ± b

u ∥ ± b



Can we align faster than the turbulence can perturb magnetic field out of alignment?

Why? First ingredient — separation of timescales
t A

/t
tu

rb

Relaxed states



Magnetic reconnection in a turbulent plasma (visualisation by J. Beattie).

Velocity spectrum 

ℰ(k) ∼ k−2, k ≤ keq ℰ(k) ∼ k−3/2, k > keq
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Shocks!

Aligned states via  
scale-dependent  

alignment + fluxes 



Modified from 
Rincon (2019)

Schekochihin+ (2002)

kη ≫ kν

Pm =
ν

η
≫ 1

∇ × (uν × b)

The dynamical saturation of the dynamo
Saturation through alignment



Modified from 
Rincon (2019)

Schekochihin+ (2002)

kη ≫ kν

Pm =
ν

η
≫ 1

∇ × (uν × b)

∇ × (u × b)
but what we want!

Govoni+(2006)
A2255 cluster

The dynamical saturation of the dynamo
Saturation through alignment



Modified from 
Rincon (2019)

kη ≫ kν

Pm =
ν

η
≫ 1

∇ × (uℓcor
× bℓcor

) ≠ 0

∇ × (uℓ × bℓ) ≈ 0

∇ × (uℓ × bℓ) ≈ 0

∇ × (uℓ × bℓ) ≈ 0

∇ × (uℓ × bℓ) ≈ 0

Saturation through alignment

Beattie & Bhattacharjee (in prep.). Dynamical 
saturation of the turbulent dynamo

The dynamical saturation of the dynamo

ℋc

tA,ℓ/tturb,ℓ < 1

Induction moves to large scales



Alignment implies a perfect balance between dynamo and cascade energy fluxes

k′￼

k′￼′￼

⟶ k′￼′￼′￼

b′￼′￼′￼⊗ b′￼′￼ : ∇ ⊗ u′￼

kinetic to magnetic energy transfer

=

magnetic cascade terms

b′￼′￼′￼⊗ u′￼′￼ : ∇ ⊗ b′￼+
1

2
b′￼⊗ b′￼′￼′￼ : (∇ ⋅ u′￼′￼)𝕀

Inevitability of the turbulent dynamo
Saturation through alignment

k′￼′￼′￼

k
ℰ

m
ag

(k
)

k′￼

u′￼′￼⋅ ∇
⟶

k

ℰ
m

ag
(k

)

k′￼′￼′￼

ℰ
k
in

(k
) k′￼

b′￼′￼⋅ ∇

∇ × (uℓ × bℓ) ≈ 0 ⟹
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Boldyrev (2006); dynamical alignment

Goldreich & Shridar (1995); Alfvénic

Galishnikova+ (2022); tearing

Dong+ (2022); plasmoid instability

Fielding + (2023); empirical

Magnetic spectrum in saturated state

Beattie+(2024). Magnetized compressible 
turbulence with a fluctuation dynamo and 
Reynolds numbers over a million arXiv:2405.16626



Worried about magnetic ICs? Turbulent dynamo takes care of initial 
magnetic field conditions!  
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Decay into the saturation

Initialise in the saturation

Grow into the saturation

Same 

saturation

ℰ
m

ag
/ℰ

k
in

ℳA =
Ekin

Emag



Searching to weaken the nonlinearities
Magnetic Relaxation — main idea?

ℰ − λ1Hm − λ2Hc = const .

Define constraint equation based on quadratic (ideal) MHD invariants

Use variational principle on magnetic energy eq.,  

δ (ℰ − λ1Hm − λ2Hc) = 0,

Minimize to find minimum energy state.  

magnetic helicity   

cross helicity   

u = λ1b, j = 2λ2b + λ1ω

total energy   

Hm = ⟨a ⋅ b⟩

Hc = ⟨u ⋅ b⟩



10
0

10
1

10
2

10
3

10
4

kL/2º

10
°8

10
°7

10
°6

10
°5

10
°4

10
°3

10
°2

10
°1

E
m
ag
(k
)

kcor

ku

kcb
ks

k°5/3
k°3/2

k°19/9

k°11/5

2520
3

5040
3

10080
3

10
0

10
1

10
2

10
3

10
4

kL/2º
10

°2

10
°1

10
0

10
1

E
m
ag
(k
)/
k
°
9/
5

kcor

ku

kcb

ks

k°5/3
k°3/2

k°9/5

k°19/9

k°11/5

2520
3

5040
3

10080
3

Boldyrev (2006); dynamical alignment

Goldreich & Shridar (1995); Alfvénic

Galishnikova+ (2022); tearing
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Magnetic cascade in saturated dynamo

Beattie+(2024). Magnetized compressible 
turbulence with a fluctuation dynamo and 
Reynolds numbers over a million arXiv:2405.16626
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Boldyrev (2006); dynamical alignment

Goldreich & Shridar (1995); Alfvénic

Galishnikova+ (2022); tearing

Dong+ (2022); plasmoid instability

Fielding + (2023); empirical

Magnetic cascade in saturated dynamo

• HIGH-RES:      (80.0Mcore-h, 148,240cores) 

• 3.45PB of data products  

• Factor of 4 higher linear grid resolution than IllustrisTNG 

10,0803Beattie+(2024). Magnetized compressible 
turbulence with a fluctuation dynamo and 
Reynolds numbers over a million arXiv:2405.16626

Govoni+(2006)
A2255 cluster



Magnetic reconnection in a turbulent plasma (visualisation by J. Beattie).

The supersonic energy cascade  

ℰ(k) ∼ k−2, k ≤ keq ℰ(k) ∼ k−3/2, k > keq
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Mocz & Burkhart (2019)

Burgers! Relaxation + 

turbulence!



Current density structuresk ∼ 100

k ∼ 100

Beattie+(Nature Astronomy) The spectrum of 
magnetized turbulence in the interstellar 
medium



Current structures exist on orthogonal surfaces to ! ∇ρ

j × b ∝ ∇ρ

Compressibility changes the nature of the current structure 



Searching to weaken the nonlinearities
Magnetic Relaxation? Relaxing into a saturation

t = t0
t = tsaturate

Almost perfect linear Taylor state Saturation set by turbulent dynamo

Emag ≫ Ekin Emag ∼ Ekin

α0 =
j ⋅ b

b2

b = α0j
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Magnetic reconnection in a turbulent plasma (visualisation by J. Beattie).

The magnetic energy cascade  
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Goldreich & Shridar (1995); Alfvénic

Galishnikova+ (2022); tearing

Dong+ (2022); reconnection

Fielding + (2023); empirical

A lot of models!



Magnetic reconnection in a turbulent plasma (visualisation by J. Beattie).

The magnetic energy cascade  

Galishnikova+ (2022) PRX

For  we expect current sheet instabilities on small 

scales to modify the cascade 

Rm ≳ 105

Emag ∼ k−11/5

folded magnetic fields from 
dynamo

tearing instabilities growing inside a current sheet 
Biskamp (1987); Lapenta (2008); Bhattacharjee+(2009); Boldyrev & Louriero (2013); Huang & Bhattacharjee (2013); Dong+(2022)

fields reversals



The magnetic energy cascade  

10−2L

10−2L



Occupy a very small

volume filling-factor 

in this regime



Magnetic reconnection in a turbulent plasma (visualisation by J. Beattie).
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The magnetic energy cascade  

Boldyrev (2006); dynamical alignment

Goldreich & Shridar (1995); Alfvénic

Galishnikova+ (2022); tearing

Dong+ (2022); reconnection

Fielding + (2023); empirical

kplasmoid

kplasmoid



Magnetic reconnection in a turbulent plasma (visualisation by J. Beattie).
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The magnetic energy cascade  

Boldyrev (2006); dynamical alignment

Goldreich & Shridar (1995); Alfvénic

Galishnikova+ (2022); tearing

Dong+ (2022); reconnection

Fielding + (2023); empirical

New physics?



Magnetic reconnection in a turbulent plasma (visualisation by J. Beattie).

Summary  

Strong, supersonic, hydrodynamical cascade:

Subsonic, weakened nonlinear magnetohydrodynamical cascade 
that becomes magnetically dominated, relaxed on small scales:

A magnetic cascade develops at very high-Rm:

k0 < k < keq,

keq < k < ku,

Ekin ∼ k−2

Ekin ∼ k−3/2

ks < k < ku, Emag ∼ k−9/5



ℰ
(k

)

k ∼ ℓ−1

k0

kν

ku

ℰ(k) ∝ k −5/3tnl →

• Sub-parsec scales

The (Kolmogorov, 1941 -type) energy cascade  

Magnetic reconnection in a turbulent plasma (visualisation by J. Beattie).

• kpc scales

Our initial wave 
where 

Re ≫ 1
outer scale



ℰ
(k

)

k ∼ ℓ−1

k0

kν

ku

ℰ(k) ∝ k −5/3tnl →

• Sub-parsec scales

The (Kolmogorov, 1941 -type) energy cascade  

Magnetic reconnection in a turbulent plasma (visualisation by J. Beattie).

• kpc scales Re ∼ 1

The final waves 
where 

dissipation scales



ℰ
(k

)

k ∼ ℓ−1

k0

kν

ku

ℰ(k) ∝ k −5/3tnl →

• Sub-parsec scales

The (Kolmogorov, 1941 -type) energy cascade  

Magnetic reconnection in a turbulent plasma (visualisation by J. Beattie).

Grete+2022

• kpc scales

kν ∼ Re3/4
k0

The Reynolds number sets the size of the cascade

Re ∼ 1

Re ≫ 1

dissipation scales



ℰ
(k

)

k ∼ ℓ−1

k0

kν

ku

ℰ(k) ∝ k −5/3tnl →

• Sub-parsec scales

The (Kolmogorov, 1941 -type) energy cascade  

Magnetic reconnection in a turbulent plasma (visualisation by J. Beattie).

Grete+2022

kν

kν

k0

k0

• kpc scales

1. constant energy flux between modes 
2. local interactions 



β = ptherm/pmag

B ∝ ρ1/2

,

αvir = 2Ekin/|Egrav|

super-Alfvénic sub-Alfvénic

ℳA > 1 ℳA < 1

classically weak turbulenceclassically strong turbulence

ℳA =
Ekin

Emag

Schekochihin+2004

κ ∝ ℳ1/2
A
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Cumulative magnetic energy 

(preliminary results)

Cumulative kinetic energy 
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Magnetic energy cascade (preliminary results)  
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R
R

large 
scales

small 
scales

large 
scales

small 
scales

80 %

20 %

Magnetic field is intrinsically a small-scale field! Need a lot of resolution to 

resolve it properly (energetically)!  

A lot of theory has been 
based on cascades at 

this resolution! 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One such something: measuring turbulence below ℓcor
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Increasing


filter size

ℓ
/L

ℓcor/L

thought-provoking reads: Germano (1992) Turbulence: the filtering approach, Hollins et al. (2018): arXiv:1809.01098

Below   ℓcor

δB → B0

> 3B0,global



Peta-scale simulations



World’s largest compressible MHD 
turbulence simulation

1. What is the exact position of the magnetosonic 
scale? 

2. What is the scaling of the energy cascades in 
compressible MHD turbulence? 

Beattie, Federrath, Klessen, Mocz & Cielo

70million core-hour project on superMUC-NG 

ILES of comp. MHD turbulence 

Turbulence:           

Magnetic fields:    

Including  Lagrangian tracer particles 

Three experiments for convergence tests: 

• LOW-RES:         (0.3Mcore-h, 8,640cores) 

• MID-RES:          (8.0Mcore-h, 69,120cores) 

• HIGH-RES:      (62.0Mcore-h, 138,240cores) 

• Resolving 10pc down to ~200au everywhere on the grid 

• Factor of 4 higher grid resolution than IllustrisTNG 

PB in data products / 1.34PB of memory at runtime

ℳ ≈ 4, ℓ0 = L/2, Re ∼ 106

B = bturb, ℳA ≈ 2, Rm ∼ 106

≈ 1011

2,5203

5,0403

10,0803

3.45

Based on the FLASH code but extremely modified, now 
only utilises I/O, mesh and particle functionality from the 
public repository.  
 

Optimisations for running on 100,000s of compute cores: 

• Interpolating low-res turbulent fields for initial 
conditions in high-res experiments 

• File splitting for checkpoint and plotfiles to reach 
theoretical max. file I/O on disk 

• Hybrid precision calculations, reducing memory 
footprint by a factor of 2 

• Gas and Alfvén velocity limiters set based on the 
physics of turbulent fluctuations  

• Only store primitive fluid field variables  

• Inline calls to equation of state 

• Optimise calls to integral flow quantities



Turbulence-regulated star-formation based on  statistics  s ≡ ln(ρ/ρ0)

pL(s)

s ≡ ln(ρ/ρ0)

L

scrit

s ∼ 𝒩(σ2
s )

Krumholz & McKee (2005); Federrath & Klessen (2012); Mocz & Burkhart (2018), Burkhart & Mocz (2018)



L

Ptherm

ℓs ∝ Lℳ−2

Federrath & Klessen (2012)

Sonic scale  
Federrath, Klessen, Ipachio & Beattie (2021)  

Nature Astronomy 

ℳ =
⟨δv2⟩

1/2

𝒱

cs

σv(ℓ/L) > cs

σv(ℓs/L) = cs



Turbulence-regulated star-formation based on  statistics  s ≡ ln(ρ/ρ0)

pL(s)

s ≡ ln(ρ/ρ0)

scrit

s ∼ 𝒩(σ2
s )

Krumholz & McKee (2005); Federrath & Klessen (2012); Mocz & Burkhart (2018), Burkhart & Mocz (2018)

Krumholz & McKee (2005)

ℓsonic

ℓjeans,0ℓsonic ≳

ℓjeans,0

unstable against collapse

ρcrit

ρ0

= (ϕx

ℓjeans,0

ℓsonic )
2

ϕx

ℓjeans,0

ℓsonic

SFRff =
ϵ

ϕt

tff(ρ0)

ρ0
∫

∞

scrit

ds
ρ

tff(ρ)

pL(s; σ2
s )



Turbulence-regulated star-formation based on  statistics  s ≡ ln(ρ/ρ0)

pL(s)

s ≡ ln(ρ/ρ0)

scrit

s ∼ 𝒩(σ2
s )

Krumholz & McKee (2005); Federrath & Klessen (2012); Mocz & Burkhart (2018), Burkhart & Mocz (2018)

ρcrit

ρ0

= (ϕx

ℓjeans,0

ℓsonic )
2

Krumholz & McKee (2005)

ϕx

ℓjeans,0

ℓsonic

fudge factor

“gravity”

“turbulence”



Beattie, Federrath, Klessen & Mocz (2022, in prep.) Star formation in an intermittent, magnetised ISM

In general  is very sensitive to 

the value used for !!!


Be careful if setting !!

SFRff

ϕx

ϕx ∼ 1



Magnetosonic scale  

L

Ptherm + Pmag

ℓms = L(1 + β−1)ℳ−2

Federrath & Klessen (2012)

ℳ =
⟨δv2⟩

1/2

𝒱

cs

β =
c2

s

v2
A

“But what about magnetic fields?” 



MHD energy cascade  

L

Ptherm + Pmag

ℓms ∝ L(1 + β−1)ℳ−2

Magneto-supersonic  
cascade

Magneto-
subsonic  
cascade

E(k) ∼ k−2

Magneto-supersonic 
cascade

K41 : E(k) ∼ k−5/3

Magneto-subsonic

cascade

maybe…

IK : E(k) ∼ k−3/2

GS95 : E(k⊥, k∥) ∼ k−5/3
⊥ k−2

∥

Schekochihin (2021)

⋮



L

Ptherm + Pmag

Magneto-supersonic  
cascade

Magneto-
subsonic  
cascade

Why should astrophysicists care?

E(k) ∼ k−2

E(k) ∼ k−1

More energy on the 
small-scales (more small-

scale support) implies 
less high-mass stars

Nam, Federrath & Krumholz (2021)

Sink particle  stellar IMF∝



Energy ratio  
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Total energy cascade  
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Large-scale Small-scale

Intermediate-scale



β = ptherm/pmag

B ∝ ρ1/2

,

αvir = 2Ekin/|Egrav|

super-Alfvénic sub-Alfvénic

ℳA > 1 ℳA < 1

ℳ2
A = ⟨ ekin

emag ⟩
𝒱

classically weak turbulenceclassically strong turbulence



Sub-Alfvénic turbulence is embedded inside of super-Alfvénic  
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turbulent magnetic fields are intrinsically small-scale (compared to velocity)!

Strong 

large-scale field 

Weak 

large-scale field 



What is long term dynamical state of the 
turbulent dynamo?  

Magnetic reconnection in a turbulent plasma (visualisation by J. Beattie).



The turbulent dynamo
magnetic fields grow in the presence of turbulence

Omega Laser Facility 

Subsonic 

turbulence

Time

Rm = 890 ± 220
Pm = 3 ± 1

Bott, et al., 2021, PNAS

Path integrated magnetic field from 

proton imaging 



The turbulent dynamo
magnetic fields grow in the presence of turbulence

Path integrated magnetic field from 

proton imaging 

Bott, et al., 2021, PNAS

Time



Orion A in infrared; ESA/Herschel/Planck; J. D. Soler, MPIA

 magnetic fields grow in the presence of ISM turbulence⟹

The turbulent dynamo
Soler, 2019, A&A

straight, strong fields ( ; Schekochihin+2004) penetrating through Orion A κ ∝ B−1/2



three stage growth

The turbulent dynamo

dEmag

dt
= γ1Emag

dEmag

dt
= γ2

dEmag

dt
= 0

1)

2)

3)

(kinematic stage)

(non-linear stage)

(saturation stage)



three stage growth

The turbulent dynamo

dEmag

dt
= γ1Emag,

dEmag

dt
= γ2,

dEmag

dt
= 0,

1)

2)

3)

Emag,0 ≪ 1

Emag,0 ←
∇ ⋅ (ρv ⊗ v)

(∇ × b) × b
∼ 1

Emag,0 ←
Emag

Ekin

∼ 1

Initial conditions



ℓ0

Re =
|∇ ⋅ (ρv ⊗ v) |

|2ν∇ ⋅ (ρ𝕊) |
= 1

until

ℓν ∼ Re−3/4ℓ0

Turbulence
Cascade

ℓν ∼ 1000 auℓ0 ∼ 1 kpc ⟹
Re ∼ 107WIM:

dissipation scales for WIM cascade:

The Whirlpool Galaxy, 2017

Credit: NASA, ESA, S. Beckwith (STScI) and the Hubble Heritage Team (STScI/AURA)

tnl/tν ∼ 1

ℓν

inspired by Shukurov, 2011

ℰ
(k

)

k0

kν

ku

ℰ(k) ∝ k −α

k



Re =
|∇ ⋅ (ρv ⊗ v) |

|2ν∇ ⋅ (ρ𝕊) |
= 1

until

ℓν ∼ Re−3/4
ℓ0

ℓ0 ∼ 1 kpc ⟹
Re ∼ 107WIM:

dissipation scales for WIM cascade:

Howes (2024)



∂tρ + ∇ ⋅ (ρu) = 0

∂t(ρu) + ∇ ⋅ (ρu⊗u + p𝕀 −
1

4π
b⊗b) = ρf + ∇ ⋅ 𝔻ν(ρu)

∂tb + ∇ ⋅ (u ⊗ b − b ⊗ u) = ∇ ⋅ 𝔻η(b)

∇ ⋅ b = 0

p = c2
s ρ +

1

8π
b ⋅ b

Stochastically forced compressible MHD equations (ILES)

the turbulence source function



d ̂f(k, t) = f0(k)ℙ(k) ⋅ dW(t) − ̂f(k, t)
dt

t0
dW(t) Weiner process that draws delta correlated from   ∼ 𝒩(0,1)

ℙ = ζℙ⊥ + (1 − 2ζ)ℙ∥ = ζ𝕀 + (1 − 2ζ)
k ⊗ k

|k |
2

ζ = 1 ⟹ ∇ ⋅ f = 0

ζ = 0 ⟹ ∇ × f = 0

k space projection tensor  

t0 e-folding time of the forcing / correlation time / outer-scale turbulent turnover time

Stochastically forced compressible MHD equations (ILES)



d ̂f(k, t) = f0(k)ℙ(k) ⋅ dW(t) − ̂f(k, t)
dt

t0
dW(t) Weiner process that draws delta correlated from   ∼ 𝒩(0,1)

ℙ = ζℙ⊥ + (1 − 2ζ)ℙ∥ = ζ𝕀 + (1 − 2ζ)
k ⊗ k

|k |
2

ζ = 1 ⟹ ∇ ⋅ f = 0

ζ = 0 ⟹ ∇ × f = 0

K space projection tensor  

t0 e-folding time of the forcing / correlation time / outer-scale turbulent turnover time

∇ ⋅ f = 0 |∇ × f | = 0

Stochastically forced compressible MHD equations (ILES)



Stochastically forced Compressible MHD equations (ILES)

kL/2π

k ∼ 2

k ∼ 2.5k ∼ 1.5

ℰ
k
in

(k
)

f0(k)

k0

t0 ∼ 1/(k0u0)



Stochastically forced Compressible MHD equations (ILES)

kL/2π

k ∼ 2

k ∼ 2.5k ∼ 1.5

. . .ℰ
k
in

(k
)

f0(k)

k0

t0 ∼ 1/(k0u0)

εin = εout

Stationarity is reached when

⟨X(t)⟩
t
= ⟨X(t + τ)⟩

t



β = ptherm/pmag

B ∝ ρ1/2

,

αvir = 2Ekin/|Egrav|

B0 = 0 B0 ≫ bturb

ℳA =
Ekin

Emag


